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Different Volume Computation Methods of 
Graph Polytopes 
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Abstract. The aim of this work is to introduce several different volume 
computation methods of the graph polytope associated with various 
type of finite simple graphs. Among them, we obtained the recursive 
volume formula (RVF) that is fundamental and most useful to compute 
the volume of the graph polytope for an arbitrary finite simple graph. 
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1. Introduction 

Bona, Ju and Yoshida [5] enumerated certain weighted graphs with the fol¬ 
lowing conditions : For a given positive integer k, a nonnegative integer n 
and a simple graph G = (VG , EG) with VG = [fc], where [k] := {1, 2, • • • , k} 
and [fc]» := [k] U {0}, we consider the set 

W(n\ G) := {a = (m, • • • ,nk) G ([n]*) fc | ij G EG => rii + rij < n}. 

We call a satisfying the conditions in the set given above (vertex-) weighted 
graph. In fact, the number of weighted graphs is given by an Ehrhart poly¬ 
nomial of some convex polytope in a unit k— hypercube. Such a convex poly¬ 
tope is determined uniquely for a given finite simple graph as follows: Let 
G = ( VG,EG ) be a simple graph with VG = [fc]. Then the graph polytope 
P{G) associated with the graph G is defined as 


P{G) := {(cci, X 2 , ■ ■ ■ , x k ) G [0, l] fc | ij G EG => Xi + Xj < 1} 


Our main concerns in this article are the volume computation results of graph 
polytope associated with many types of graphs using several different meth¬ 
ods. In order to obtain the volume of the graph polytope we need a certain 
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kernel function K : [0, l] 2 —> R defined by the following: 


K{s,t) 


1, s + t < 1 
0, elsewhere. 


Then the volume vol{G) of the polytope P(G) is 


vol{G) = / H[x\, X 2 , ■ ■ ■ , x n )dx\dx 2 ■ ■ ■ dx n , 

JQ n 

where Q n = [0,1]™ is the ?r-dimensional unit lrypercube, 

H(x!,x 2 , ■ ■ ■ ,X„) = K(Xi,Xj). 

ijGEG 

From now on, all graphs we mentioned will be finite simple graphs and 
all polytopes are convex. The volume of graph polytope P(G) will be denoted 
by vol(G) rather than vol(P(G)). 

Chapter 2 introduces a recursive volume formula for the volume of the graph 
polytope and volume formulae for the graph polytope associated with various 
types of graphs. Chapter 3 describes the graph joins and the corresponding 
volume formula. Volume of the graph polytope associated with the bipartite 
graph with certain symmetry is dealt in chapter 4. In chapter 5 we use the 
operator theory to find values for interesting series. In the last chapter we 
mentioned another way to get the volume of graph polytopes, which uses 
Ehrhart polynomial and series. 


2. Recursive Volume Formula 


One of the key and most fundamental techniques is the recursive volume 
formula , or RVF. It is also useful. Next two lemmas will be used to prove the 
RVF, and can be shown easily. Applications of RVF are discussed. 


Lemma 2.1. (polytope partitioning) Let P be a polytope containing a point 
x and 

d(x,F) := inf{d(x,y)\y € F 1 }. Then 

d(x, F)vol(F) 


vo I 


*(<?) = £■ 


( 2 . 1 ) 


where the sum runs over all facets of P(G). 


Lemma 2.2. If a graph G has no isolated vertex, then the graph polytope P{G) 
has no facet of the form Xi = 1. In other words, P(G) is only composed of 
facets of form Xk = 0 or aq + Xj = 1 for ij £ E. 


Theorem 2.3. (RVF ) Let G = ( VG , EG) be a graph with the vertex set VG = 
[n] and having no isolated vertex. Then 


ol(G) = J2 


vol{G — i) 


2 n 


( 2 . 2 ) 



Different Volume Computation Methods of Graph Polytopes 


3 


where G — i is the graph with the vertex set [n] \ % and, accordingly, with the 
inherited edge set in the original edge set EG. 

Proof: Let x = - G P(G). Then d(x,F ) = \ for the facet F 

in the hyperplane Xi = 0 (hence F = P(G — i) in the hyperplane.) and 
d{x,F) = 0 for all other facets F since x G F. Note that vol{G — i) is the 
( n — 1)—dimensional volume of the graph polytope P(G — i). By the Lemmas 
I Tl\ and 12.21 we have the desired formula flU . □ 

Corollary 2.4 (path). Let L n = (\n],EL n ) be the path with EL n := {i(i + 
1)|* G [n — 1]}. Then 

vol(L n ) = 

n\ 

where E n is the n—th Euler number. Hence its generating function is: 

vol(L n )x n = secx + tanx. 

n> 0 

Proof: Let a n = n\vol(L n ). For convenience, we define op := 0\voI(Lq) = 1. 
It is obvious that a\ = 1 = E\. 


by RVF. 


vol(L n+ 1 ) 


vol(LjU L n _j) 
2(n + 1) 

o vol(Li)vol(L n -i) 
2(n + 1) 


(2.3) 


2a n+1 = 2((n+ l)\)vol{L n+1 ) 

n 

= n\'y vol{Li)vol{L n _i)( by the forrnula (l2.3|) l 
i=0 

= 'y f n )i\vol{Li){n - i)\vol(L n -i) 

2=0 

for n > 1. 

This says that a n satisfies the same recurrence relation as E n 's together 
with Eq = 1. Hence we get the first conclusion vol(P(L n )) = Since 
exponential generating function of the Euler number is secx + tanx, the 
second conclusion follows. □ 



Corollary 2.5 (cycle). Let C n = ([n], E n ) be the path with E n := {*(* + 1)|* G 
[n]{n + 1 := 1)}. Then 


vol{C n ) 


E n -1 

2((n-I)!)’ 
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Hence its generating function is: 

Yvol{C n )x n 

n> 1 


x(secx + tanx) 
2 


Proof: Removing an edge in the cycle C n results in a path L n _i. Hence RVF 
and Corollarv l2.4l imply both of conclusions. □ 


Corollary 2.6 (complete graph). Let K. n = (fn],E n ) be the path with E n := 
{ij\i,j G [n]}. Then 

vol{K n ) = 2 1 ~ n . 

Hence its generating function is: 

___ O rp 

J2vol(K n )x n = 

n> 1 

Proof: vol(K n ) = nvol \ = vol( - K ^—i) _ Since vol(Ki) = 1, the conclusion 
follows easily. □ 


Corollary 2.7 (complete bipartite graph). Let Ks.t 
path with E st := {ij\i G [s],j G [t]}. Then 

vol(K Btt ) = jH, 


([a] U [t],E st ) be the 


(2.4) 


Proof: Since voI(K Si q) = 0 = vol(K 0} t), and 

UTr . svol(K 3 - lt )+tvol(K at -i) 

vd(K -- t) =-2(JT7)-' 

by induction, we have the required formula. 


□ 


3. Volume of the graph joins 

Join of graphs H and K is the graph G = ( VG , EG) where VG = VHUVK 
and EG = EHUEKU{xy\x GVH.y G V K}. We denote the join of graphs H 
and K simply by H+K. Obviously, the associative law holds. So we can define 
nG := G+G+- ■ -+G(add n times). The question is that how we can calculate 
the volume of G + H. Note that K m+n = K m + K n , K rn n = D m + D n , where 
D n is a null graph with n vertices. 

Definition 3.1 (sliced volume). Let G = ([n], EG) be a graph and a G [0,1]. 


vol(G , a) 



Xj)dx , 


where K (•, •) is defined as: 


K(s,t) 


1, s + t < a 
0, elsewhere. 


It is obvious that vol(G)) = vol(G, 1). Next theorem gives us a volume for¬ 
mula for the graph polytope associated with the joined graph. 
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Theorem 3.2. The volume of the graph polytope associated with the graph 
G + H is: 

n C 7 7 

vol(G, s)^ vol(H, tK(s, t)dsdt. (3.1) 

Proof: 

vol(G + H, c ) 

= / TT K(Xi,Xj)dx {x = (x!,x 2 ,---,X\ V (G+ H )\)) 

7[0,c]|v (O+ H)| ijeE \* +H) 

= [ ( n K ( x i’ x j))( n K (xk,xi)) 

7 [ 0 iC] |V( O+ H)| V.. e ^ G) /v fc ^) 


= / ( n ( n K ( x k,xi)) 

J [0 , cV v ( o +H) I ' V W6 A 4ff) 

V(roaa:{ri, x 2 , • • • , £|y( G )|},rnax{x| y(G) | +1 ,X| V(G) | +2 , • • • , X|^ (G+H) |})dx 
(let s := max{xi,x 2 , • • • ,X|v(G)|}>* := max{x|y( G )|+i,X|v( G )|+2, • • • ,X|y( G +^)|}) 

r r t d ( 7 -r ., \ 


0 JO yas J[0,s]l v ( G >l 


TT K{xuXj)dxG ) 


ijeE(G) 


f-j: [ TT K(x k ,Xi)dx H )K(s,t)dsdt 

\at J r n *l|V(H)| / 

kleE(H) 

(where dx G = dx\dx 2 ■ • -dx|y( G )|, dx H = dx|y( G )| + ida;|y( G )| +2 • --dx\ V ( g+h)\) 
= Li {^°W'’))(f t vol{H,t))K(,,t)isit. 
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Theorem 3.3. Let f < c < 1. Then the sliced volume of the graph polytope 


P(Km,n ) is given by the formula: 

vol(P(K m n ), c ) = c"( 1 -c) m + rnj2( n ) (_ir Cm+t ~ (1 ~ C) 

Z ' \ z J m + i 

2=0 X 7 


ra+J 


Proof: 


vol(K m ^c) — vol^Dfji + -D n , c) 

= J J (^vol{D m ,s)^(^vol{D n ,t)^K{s,t)dsdt 


/ 0 JO 

^ rc ds m dt n 


/ o 7o dt 

„m r c 


K(s, t)dsdt 


fds m f c Ji" 

hr/, 


c /ds m dt" 


( 


ds 

ds 


dt 


dt ) ds 


|-^-(min(l — s,c)) n ^ds 

rl ~ c ds m r ds m 

c ——ds + / (l-s) n ——ds 


ds 


1 —c 


ds 
- s) n ds 


ra+2— 1 


= c n (l - c) m + m [ s TO_1 (i _ s ) 
Jl-C 

= c" ( l-cr + mf("j(-l) 

2=0 X 7 


ds 


m+2 


□ 


Corollary 3.4. 77ie volume of the graph polytope associated with the complete 
bipartite graph K m , n is: 


VOi 


,i {Km , n ) = Y / ( n )(- 1) 


2=0 


m 


ra + z 


Proof: Substitute c = 1 in the Theorem (|3.3j) . 


(3-2) 

□ 


The following result is immediate by the third term from the bottom in the 

formula (1531) . 


Corollary 3.5. 

n 

EC) Mr 


2=0 


, +i (”«) 


2=0 


= E T M) 


n 


n + z 
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According to Rudin([5]), the beta function B(r,s) is defined as: 

rl r(r)r( s ) 


B(r,s) — f x r 1 (1 — :r) s l dx = 
Jo 


io r(r + s) ’ 

where P(x) is the gamma function. Note that 

vol(K m , n ) = mB(m, n + 1) = nB(m + 1, n ) 

from the formula EH and the definition of beta function involving gamma 
function. Note that we can give another proof of above equality about beta 
function from the last integration expression in the proof. 

Theorem 3.6 (multiple join of a graph). Let G be a graph, \ < r < 1 and 

k := \VG\. Then, for any positive integer n, 

- 7 - vol(nG,r) = n(l — r) k ^ n ~^ ^-vol(G,r). 
dr dr 


Proof: 


n r 7 7 

vol(G, s)^j vol((n — l)G,t)jK(s,t)dsdt 

rr 1 i‘min(l—s,r) . 

= / — (vol(G,s)y —vol((n—l)G,t)dtjds 

= / — (vol(G, s)vol((n — l)G,min(l — s,r))ds 
Jo ds 

= ( i) + (ii) + (Hi) 


where 


(i) = [ vol((n — l)G,r)—vol(G, s)ds 

Jo ds 

= vol((n — 1)G, 7')(1 — r) k (0 < 1 — r < i) 

r 1/2 d 

(ii) = / vol((n — 1)G,1 — s)—vol(G, s)ds 

Jl—r 

/■V 2 

= / vol((n — 1)G,1 — s)\VG\s^ va ^~ 1 ds 
J l — r 

r d 

(Hi) = / vol((n — 1)G,1 — s)—vol(G,s)ds 
J 1/2 ds 

= / (1 - s) < ~ n - 1 ^ VG ^vol(G,s)ds. 

J 1/2 ds 
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Now, we denote 4-vol(nG,r ) simply by a n . Then 
a n = + (ii) + {in)) 

dr 

= (1 — r) k a n - 1 — k{ 1 — r) k ~ 1 vol{{n — 1)G, r) 

+ k{ 1 - r) fc - x t;oZ((n - 1)G, r) + oi(l - r) ( "- 1)fc 
= (l-r) fc a n _ 1 + (l-r)( n - 1 ) fc a 1 . 


Let F(x, r) = ^ n>1 a n x n . Then, from the previous recursion formula we get 


F(x,r) = 


XCL\ 


(1 — (1 — r) k x ) 2 


= ^ nai(l — r)(' 


n—l)k 


a>l 


Hence, 

-7 -vol(nG,r) = n{ 1 — r) <Jl ~ 1 ' >k -^-vol{G,r). 
dr dr 

□ 

Corollary 3.7. For f/ie ra/we ^ < r < 1, we /iai/e 

r) = 2 1-n - (1 - r) n and roZ(A'„) = 2 1 ~ n . (3.3) 

Proof: Since K n = nD\, we have the formula (13.31) from the Theorem l3.6l □ 
Corollary 3.8. For the value ^ < r < 1, we have 

vol(nD„) = + 

Proof: 

-7- vol(nDk , £) = n(l — ^-vol(Dk,t) = knt k ~ l (\ — t) k( ' n ~ 1 \ 

at at 
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■, l{nD k ) = 2~ kn + kn [ ^(l - 

J 1/2 

f t k ^- l \2-t) k ~ 1 dt 
Jo 


dt 


kn | 7, m o—fen 


= 2“™ + fcn2 


/o 

fc-i 


= 2 _fera + kn2~ kn ^ J f fe(n_1) ( 1 - tydt 

/ k — l\ (fe(n — l))!i! 


2=0 

fc-1 


= 2~ kn + kn2~ kn Y 


i =0 
k-1 


= 2~ kn + kn2~ kn Y 


i J (. k(n — 1 ) + i + 1 )! 

1 f kn 




V A; / z =0 


fcn 


□ 


4. Volume of bipartite graphs 

Definition 4.1. Let S n be a set of all permutations of [n] and a £ S n . 

[0, 1] <7 • 1*^ (*D7 *^2 7***7 *En) £ [07 4] I*^(t(1) % a ( 2 ) — ' ** * — ^ a { n ) } ■ 

Note that 

[0,1]” = |J [0,1]” 

0-£Sn 

and each intersection of two different [0,1]^ has measure 0 so that for any 
measurable function /, 



Let B = (VB, EB) be a bipartite graph with VB = V 1 UV 2 ; V = (1,2, • • • , ?r}, V 2 
{vi,v 2 . * * * ,v m },Ni = {j £ Vi\jVi £ EB}. 


Theorem 4.2. The volume of the graph polytope associated with the bipartite 
graph b mentioned above is as follows: 


yam = e n ■ 


(J£Sn i=l 




dx<j(ri) • 
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where 

Oii,a = number of ({ v k G V 2 \o(i) G N k } \ UjZijufc G V 2 \a(j) G A^}). 

which means the number of vertices in V 2 which the smallest among a values 
of its neighbors is i. 


Proof: 


vo, 


m 

1(B) = / TT(1 — max{xi \ i G Nj})dx 

•Amp 7=i 

« m 

= y / TT(1 max{xi | i G Nj})dx 

r. m 

= E' / TT(mm{l — x, | i G Nj})dx 

r. m 

= e/,. n min{xi | iG 

<?£Sn ^’^]reu((T) J = 1 

r. m 

= e / n mm{a:i | i G Nj}dx 

aeSn AmP j=l 

r. n 

= e /. iKy* 

(TgS„ ^ MP *=1 


= E / ( a 


a(n) 


o-es„ 

t(3) 


V(n) 


— l,t7 

^ a(n — 1) 


*(2) 


^(j(2) J (*^' (T (i) )dx cr (i) )dx a ( 2 ') * * • )dX(j( n ) 

” 1 

y tt-—A—. 

<res„ i=l * + Ej=l a .?> 


where rev(cr) represents the opposite order of cr in the fifth term. □ 

An automorphism of a simple graph G = (VG, EG) is a permutation 7r 
of VG which has the property that uv is an edge of G if and only if tt(u)tt(v) 
is an edge of G. 


Theorem 4.3. Assume that the bipartite graph B is symmetric, by the sense 
that for any permutation tt on V\, there exists a permutation o such that the 
combination of tt and a induces an automorphism on G. Then, 


vol(P(B)) 


=n! n 


i 

* + Ej=i oj 


Proof:The symmetry of the graph B implies that all oti , a s are same for dif¬ 
ferent cr G S n . The conclusion follows from the Theorem 14.21 □ 
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Corollary 4.4. Let B n be the graph that is obtained from the complete bipartite 
graph A' n ,n by deleting n disjoint edges. Then, 

vol{B n ) = { 1 + i)^-. 

In particular, vol^B^) = A. Note that the bipartite graph B 3 is the graph 
obtained from the 1-skeleton of the cube. 


5. An Application related to the Operator Theory 

We introduce here another interesting fact that uses the linear operator the¬ 
ory to obtain the value of a series described in the theorem below. One of the 
results related with the operator theory is the computation of the vol(C n ), 
which is referred from Elkies [3]. We will restate the lemma regarding this. 
We define K : [0, l] 2 —> R. by the following: 


K(s,t) := 


1, s + t < 1 
0, elsewhere. 
Then the volume vol{G) of the polytope P(G) is 


ol(G) = / H(xi, X 2 , • ■ • , x n )dxidx 2 ■ ■ ■ dx n , 

JQr,. 


where Q n = [0,1]™ is the n-dimensional unit hypercube, 


H(X\,X2, ■ • • ,X n )= K(Xi,Xj). 

ij£E 

We are interested in the computation of the volume of the polytope P(G) for 
a given simple graph G = ( V , E). 


and 


We define K, n inductively as in the following: 

/Ci(i, s) := K(t, s), 

K n (t,s):= / K.i(t,Xi)K. n - 1 (x 1 ,s)dx 1 (n > 2). 
Jo 


Let T : L 2 { 0,1) —t L 2 ( 0,1) be a linear operator with kernel /Ci(-, •) on L 2 (0,1) 
defined by: 

(Tg){t)=[ JCi(t,s)g{s)ds = [ g(s)ds. (5.1) 

Jo Jo 

From the definition of K, n we see that IC n (•, •) is the kernel function of the 
linear operator T n as follows: 

(T n g)(t)=[ JC n (t,s)g{s)ds. 


0 


(5.2) 
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The next lemma gives the spectral decomposition of the linear operator 
T, and also of T n . Its proof is immediate from the standard linear operator 
theory.(See also Elkies [3] or Hutson, et. al. jl].) 

Lemma 5.1. The linear operator T is compact and self-adjoint on L 2 { 0,1). 
Its eigen values are (fc € Z); the corresponding eigenfunctions are 

cos(n(4k + l)/2). Moreover, The linear operator T n is compact and self- 
adjoint on L 2 ( 0,1). Its eigen values are ) n with same corresponding 

eigenfunctions cos(n(4:k + l)/2). Each of its eigenvalues for T and T n is 
simple. 

Our main goal here is to find the value of certain formula using the 
operator theory. In fact, it is the vol(P(C n )) which is obtained from the 
RVF. By the simple calculations we can get the following formula from the 
definition of /C„ (see j3]): 


vol(C n ) 


K. n (t,t)dt. 


(5.3) 


It turned out that the right hand side of the formula (15.31) is the trace of a 
trace-class operator T n over the diagonal, and is equal to 


V _ t _. 

(7r(4fc + l)) n 


Note that this series is absolutely convergent for n > 2. As a summary 
we have a theorem: 


Theorem 5.2. For any integer n > 2 the following holds: 

1 7 T n vol{C n ) 


E 

k =—oo 


(4 k+ If 


For the case n = 3, 

„ 1 1 1 (-l) m 7 T 3 vol(C 3 ) 

3 3 5 3 7 3 (2m +1) 3 8 

n 3 vol(K3) 
= 8 
_ tt 3 2- 2 
8 

- ze! 

_ 32’ 


□ 
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meanwhile, for the case n = 4, 


1 1 1 
1 + F + 54 + T 4+ " 


+ 


(2m + l) 4 


7r 4 uo/(C 4 


16 

’0l{K 2 ,2) 

16 


16 ( 2 f) 

7T 4 

96' 


6. Concluding Remarks and Further Problems 


In fact, we have another volume computation method which comes from the 
Ehrhart polynomial of P(G). Let P be an integral convex polytope in M. d . 
Then we call Lp(t ) = |tP fl Z d | the Ehrhart polynomials of P. It is known 
that, for a given 0/1-polytope P, 


vol(P) = lim 

£—>•00 


L P (t) 


where d = dim(P ), 


or 

where Y^L P (t)x* = (1 /( ^ d+1 • 

(Refer [1. or [6] about this.) If G is a bipartite graph with n vertices, then 
its graph polytope P(G) is a 0/1-polytope of dimension n. Hence, we can get 
the volume vol{G ) from the Ehrhart polynomial Lp(g)(t), which we can get 
by using divided difference technique. (See Bona et. al. [2] for details.) 
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